ABSTRACT: In this research note we revisit the topic of microhydrodynamics of an ellipsoid in rigid body motion to arrive at the final resolution of a 140-year-old "mystery" that was featured in the dedication paper on the same topic in the Doraiswami Ramkrishna Festschrift. There, the initial focus was on the role of the theory of self-adjoint operators as the framework for proving that the surface tractions on a sphere had to be a constant multiple of the same rigid body motions of the boundary conditions. The ellipsoid was then considered as a simple example to illustrate the loss of this behavior for nonspherical particles. That goal was accomplished because for an ellipsoid, n·x, the dot product of the surface normal n and the point x on the ellipsoid surface, is the required nonconstant multiplier. The simplicity of this result is striking and has been noticed throughout its history with a number of authors remarking on the lengthy algebraic manipulations required to prove this simple result. In keeping with the theme of the Doraiswami Ramkrishna Festschrift, this note presents a short and simple proof that highlights the importance of the choice of the inner product, that is, the definition of the metric. The introduction of n·x = w(x) as a so-called weight f unction in the definition of the weighted inner product, as in ⟨f, g⟩ w = ∫ f(s)g(s)w(s)ds over the appropriate metric space transforms the double layer operator (DLO) into a self-adjoint operator. From this it follows that the eigenfunctions of the adjoint with respect to the nonweighted inner product are w times the DLO eigenfunctions. Thus, the simplification noted in the companion paper is true for all eigenvalues and eigenfunctions of the double layer operator and not just the eigenvalue of −1 and its associated eigenfunction v RBM . These insights open the door to significant opportunities in the computational analysis of ellipsoidal particles in nanoparticle technology including topics such as perturbation methods for inertial and non-Newtonian effects, as we now have ready access to the spectral decomposition and biorthogonal expansions for the double layer operator.
■ INTRODUCTION
In this research note we revisit the topic of microhydrodynamics of an ellipsoidal particle in rigid body motion to arrive at the final resolution of a 140-year-old "mystery" (with key plot developments in 1876, 1892, and 1964) that surfaced in the dedication paper on the same topic in the Doraiswami Ramkrishna Festschrift. In that companion paper, 1 the initial focus was on the role of the theory of self-adjoint operators as the framework for proving that the surface tractions on a sphere had to be a constant times the same rigid body motions of the boundary conditions. The ellipsoid was then considered as a simple example to illustrate the loss of this behavior for nonspherical particles. That goal was accomplished because for an ellipsoid, the surface tractions are n·x times a rigid body motion where the dot product of the surface normal n and the point x on the surface of the ellipsoid is the required nonconstant function. The simplicity of this result is striking and has been noticed throughout its history with a number of authors remarking on the simple but lengthy algebraic manipulations required to prove this result. (For example, the author used five pages of neatly written notes to verify the results for a translating ellipsoid).
In keeping with the theme of the Doraiswami Ramkrishna Festschrift, this note presents a simple proof that highlights the importance of the choice of the inner product. The introduction of n·x = w(x) as a so-called weight f unction in the definition of the weighted inner product, as in ⟨f, g⟩ w = ∫ f(s)g(s)w(s)ds over the appropriate metric space, leads to the conclusion that for an ellipsoid, the double layer operator is self-adjoint with respect to this weighted inner product; that is, = * w . Thus, if v is an eigenfunction of then it is also an eigenfunction of * w , which in turn implies that wv is the associated eigenfunction of * (the adjoint with respect to the standard, nonweighted inner product). This result is true for all eigenvalues and eigenfunctions of the double layer operator including the all-important eigenvalue of −1 and its six associated eigenfunctions v RBM corresponding to the six "basis" rigid body motions. These insights open the door to significant opportunities in the computational analysis of ellipsoidal particles in nanoparticle technology including topics such as perturbation solutions for inertial and non-Newtonian effects as we now have ready access to the spectral decomposition and biorthogonal expansion for the double layer operator.
■ RESULTS AND DISCUSSION
Integral Operators and Weighted Inner Products. The required background information on microhydrodynamics is described in the companion paper 1 and is not repeated here. As in the companion paper, we follow the notation of Kim and Karrila 2 for the double layer operator with a kernel given by
and considering first the standard (unweighted) inner product we have the kernel for its adjoint as K ij *(x, ξ) = K ji (ξ, x) . The book by Professor Ramkrishna 3 provides an instructive reminder that this expression for the kernel of the adjoint follows from the definition and requirement that ⟨ (v), t⟩ = ⟨v, *(t)⟩ which when expressed in expanded form as the actual integrals,
align the kernels for ease of identification (after renaming the dummy variables and indices and interchanging the order of integrations on the surface of the particle).
We now consider the same procedure but with the weighted inner product,
where the key requirement for the weight function is that it must be positive everywhere on the surface; that is, w(ξ) > 0 on S. Now we have for the same alignment procedure,
and the result
w ji ij (3) which highlights the role of the inner product in the definition of the adjoint. The Ellipsoid and Its Surface Normal. We now consider an ellipsoid whose surface is defined by the equation 
with different values for the semiaxes a = a 1 > b = a 2 > c = a 3 .
The repeated index i imply summation from 1 to 3 by the usual Einstein summation convention. The surface normal n(x) at the point x or coordinates (x 1 , x 2 , x 3 ) = (x, y, z) satisfies a useful relation which in index notation is given by
so that the dot product that appears in the definition of the kernel in eq 1 may be manipulated as follows 
where the last step is valid for all w(x) that are a constant times n(x)·x. For such weighting, the double layer operator is selfadjoint with respect to the weighted inner product. The choice w(x) = a −1 (n·x) is convenient because, for the degenerate case of the sphere, w = 1, and the "weighting" becomes latent.
We now consider the implications for the eigenspaces of and its two adjoints for the ellipsoid. If v is an eigenfunction of , the corresponding eigenvalue−eigenfunction relationship for the two adjoint operators becomes (keeping in mind that is self-adjoint with respect to the weighted inner product)
or equivalently,
which is the standard result from linear operator theory that the (unweighted) adjoint has the eigenfunction wv if the operator is self-adjoint with respect to the weighted inner product. We have achieved a satisfactory closure to a question raised during the long history of ellipsoidal microhydrodynamics that has been marked by the contributions of Oberbeck 4 (1874, translating ellipsoid), Edwardes 5 (1892, rotating ellipsoid), and Brenner 6 (1964, expressions for the surface tractions). In particular, as described in the companion paper, Brenner's (1964) tour de force can be used to deduce that the surface tractions for translation and rotation are n·x times the six canonical rigid body motions, 
